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A SPIN AND AN ANGULAR MOMENTUM
Angular momentum is a quantity which satisfy following equation

13.,3, | =ine, J,, ikl=123

where
1i # k # 1 and theikl canbe set in growing order after even permutationsof theeverytwo subscripts

Ew =1—1 1 #k#landtheikl canbesetingrowing order after odd permutationsof theeverytwo subscripts
0,if at least two subscriptsareequal

h
and the angular momentum for the spin has two eigen-values: £ 5

Another type of the electron-spin operator

Je© :1ha
2

This has also two eigen-values: £1, and

lo.,0,|=ine, o, ikl=123

Properties of the o-Pauli matrixes:
2 — 2 — 2
a) 0, =0,=0, =
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d) lo%,0,|=0

This is why

h* 3 1(1 1
( ) A ( X y Z) 4 2\ 2 , M, 2

Looking for eigen-vectors of the I,

O,k = Ak
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0O -1-A1
(1 0llal] [a] [a=a a
=+ | =1 }:>b:O, K, =
0 -1j|b b] |-b=b 0
(1 0l[a]l] [a] [(a=-a 0]
== |=1 }:> a=0, «,=
0 -1)|b| |b] b=Db b

Normalized vectors

S HECRS A e

vectors K; and K, are orthogonal KK, =0y as

1 o]m =0
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PROJECTION OF A SPIN ONTO AN ARBITRARY DIRECTION

&
8

0=08 +0.8 +0:&

=i
- :{ & & ez}
et+IE, ~§
There is no eigen-solution for the spin oriented arbitrarily

but there is for the spin-projection eigen-problem

(anmy =Ax
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The proof

on=| noin, . |
r]1+|n2 —n3 y N, =N +IN,, n_=n—1In,

(on)y=Ax

n

o el

n, —-ng|lb b

na+nb=/Ja n,— /A n. P

n,a-nb=Ab n, -n-A

(n,=A)(-n;=A)-n.n_=0 = A =ni+nn =n’+n;+n=1

n,—1 b __hy+l
n 2 n

A=1 A,=-1 = Db=- a,

now, a little trick, as the arbitrary direction N =[N, N,,N;] can be easily
described in the spherical coordinates
n, =sinfécosp, n,=sindsing, n,=cosb

QPLDS-undergraduates, L-2 7



00 Tomasz Blachowicz

then,
n, =n *in, =sindcosg +isindsing = sind(cosy *ising) =sine""’

cosd -1 cosd -1 2sin*(812 5 (0
bl = — = — = ( ) :e¢ g(zjai

sinde™ 2~ sing?  2sin(@/2)cos@/2)e

b = cosg +1 _ “”ctg(ej
2= T singe? 2 2 %

and the eigen-functions expressed in the m form are equal to

1 e|¢/200{9)
Xo=| g 0o & =cos@i2e®? = x, = ‘
g e‘¢’zsin(‘9j
L 2 I
1 e'¢’23|n(2j
e -ig/2 _
X2 = _eI¢Ctg(2j a, a,=-sin@/2)e = X5 912 Co{gj
2

X X =0y
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Superposition of the two spins

The target: to solve eigen problem for the resultan t
spin composed from the two single-particle spins

X=X, @ - the eigen-function of the first
particle with the spin-projection equals +h/2

Xo@=X1@) - the eigen-function of the first
particle with the spin-projection equals —hl2

X1(2) = X,(2) - the eigen-function of the second
particle with the spin-projection equals +h/2

Xo(2)=X1,(2) - the eigen-function of the second
particle with the spin-projection equals —hl2

Next, the problem can be solved using 2-component
products as this is two-body problem now

The starting (input) physical-state vectors are
Xl/Z (1))(1/2 (2) Xl/Z (1)/Y—1/2 (2) X—1/2 (1))(1/2 (2) X—1/2 (1))(—1/2 (2)
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The operator of the resultant spin is a simple sum
of the single-particle operators

30 = ’Z[aa) +0(2)]

@39y =" 13+owor)

oo |

Let's roll...
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From the four input function we can compose 3 symmetrical and one
anti-symmetrical functions:

symmetrical
X2 @ X2 @) Xoyo DXy, (D),

f[)ﬁ/ > DX _1/2(@) + X2 D X2 (2)]

f [/Y1/2 (1)/Y—1/2 (2) ~ X2 (1))(1/2 (2)]

Let's check how these functions are influenced by the Qa2
operator

[6F(2)] X1 D) Xy2(2) =10x;,, D X12 (2)
(6@ ) X_1o WX 12(2) =10X ), D X12(2)
[6 G X1 D X-1)2(D) + X, D X2 (2)] =
=10x0, @ X2 (2) + X_pyo @) Y12 (2)]
[0 X1 D X_1/2(2) = X1y D X1y»(2)] =
= =3Xy. D X_1/2(2) = X1 D X112 (2)]

These results should be putted into followings

anti-symmetrical
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(39)" = h4[3+ oMo@) (3)VxOx@=AxQx @), A=r"S(S+D

in order to obtain

(32 = ;-12[3+ o0)0(2)] = {hz [B(S +1), for thesymmetrical case
4

7° [0, for theantisymmetrical case

Thus, we conclude:

(j(s))z — S(S+1)h2 {

S=1atriplet state
S=0,asinglet state

However, for the z-component only we have

10,0+ 0, @ 022 ) = #1043, 02 )

Z[Us @) + 052D X1, D X-12 (2) = =1h ), D) X1, (2)
/2
2

2
2

Z[Us @D +0,(2)] [ X0 DX 1@+ X 1 WXy, (2)] =0

Z[Jg D+, - [ Xys O X1 @) = X1, D) X0, (2)] =0
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THE WAVE-EQUATION FOR A PARTICLE POSSESING A SPIN IN
THE PRESENCE OF EXTERNALLY APPLIED MAGNETIC FIELD

Simple approach
H® =—-y oA
The spin-orbit coupling is excluded

Let H (0), l/J(O), E, (Hamiltonian, wave-function, energy) describe the
electron move with spin excluded

Let H® , X, Es describe only interaction of the spin with the external
field

HOY'© = Egl,
_—
HO Yy =E x
(HO+HO) Oy =(E +E)ox —
\» X{ﬂ =a)y, tbx .y, a’+b” =1
WOy =aw®y,, +byy ., /
T [ x.dV =3,0,
[, X0 Aw, XV =3,,0, < A> e
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2 2
BUTas @ +b" =1
THEN <A>, 9, = X AXn (no integral ! pure space)
More realistic approach
a) H=H(r,p,o,t)
b) ¥ =¢(r,s;t)
rt
o =T {‘”1’2( )

l/’_l,z(r,t)}’ w+(r,s,t):[¢/;2(r’t) lﬂil,z(l”,t)]

the eigen-equation

-HOTSD e p o wir sy

|
Let the electron be in a rest state (stationary case)
HOVTSD - oMy (s

|

It's time now to make a trick with time

W =Sy =¢(r,9e "

to separate time timely from the problem for a moment J
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~ Uo IHy(r,s) =Ey(r,s)

and for the externally applied magnetic field oriented along the z-
direction we have

~Hoo, Hy(r,s) =Ey(r,s)

_%HF OMwl,z}zE{wuz}
0 -1 40—1/2 ‘/’—1/2
Thus the eigen-values are equal to

E,=—tH E_,=pH
with the eigen-states expressed as

1] _ 0| _
wllz = |:Oi|e ,uoHt/h w_llz — |:1i|e ﬂOHt/h

For the arbitrary orientation of the magnetic field H =[H;,H,, H]we
have
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H, _H3_E w—llz

{HVE - }Vl’z}—o H, =H,%iH
Bt + = 1= 02

which is similar to the previously solved problem:

R NN
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Is that something to be memorized finally?

...we can compose 3 symmetrical and one anti-symmetrical functions:

symmetrical
Xu2 D) X2 (2)
X-12D X1, (2)
f [ X2 DX 12 (@) + X_go D) X1/2(2)]
anti-symmetrical
V2

7 [/Y1/2 (1)/Y—1/2 (2) ~ X2 (1))(1/2 (2)]

It will be used later...
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