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THE WAVE-EQUATION FOR A MANY-BODY PROBLEM 
INCLUDING SPINS. THE PAULI PRINCIPLE and indistinguishable 
objects 
 

Some conventions for 
The wave-function (the physical state vector) 

),,...,1(),,,...,,( 11 tNtsrsr NN Ψ=Ψ→Ψ=Ψ rr
 

 
Hamiltonian 

),,...,1(),,,,...,,,( 111 tNHHtsprsprHH NNN =→= rrrr
 

 
Physical particles in low-dimensional structures should be 

indistinguishable 
 

The operator of reorder ikP  
 

),,...,...,...,,...,1(),,...,...,...,,...,1( tNiktNkiPik Ψ=Ψ  
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Particles can not be recognized from their interactions described by 
the Hamiltonian 

0],[ =HPik  
the proof 

0),(),(),(),(

),(),(),(),(),(),(

=−⇒=
Ψ=Ψ=Ψ

ikikikik

ikik

PikHkiHPPikHkiHP

kiPikHikikHkikiHP
 

 
 

The probability density can not be changed 
after exchanging particles states 

 
(in a general case constikki =Ψ=Ψ λλ ),,(),( ) 

 
 
The eigen-problem for the reorder operator 
 

),(),( kikiPik Ψ=Ψ λ  
 

1,1),(),(

),(),(

/),(),(

22

22

±==⇒Ψ=Ψ

=Ψ=Ψ

Ψ=Ψ

λλλ
λ
λ

kiki

IPkiPkiP

PkikiP

ikikik

ikik
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Conclusion_1: the eigen-problem for the reorder operator has two 
possibilities 

),(),( kikiPik Ψ=Ψ  and ),(),( kikiPik Ψ−=Ψ  
 
Conclusion_2: as we assumed that ),(),( ikki Ψ=Ψ λ , then wave-
function can be in general symmetrical and/or anti-symmetrical 
  

),(),( ikki Ψ±=Ψ  
 

THE IMPORTANT ISSUE 
THE SCHRÖDINGER EQUATION HAS THE SAME SYMMETRY AS 
THE WAVE-VECTOR 

ti
H

∂
Ψ∂−=Ψ h

 

 
in other words, when Ψ  possesses a given symmetry, then t∂Ψ∂ /  
adopts this symmetry, thus, the ΨH  term has the same symmetry. 
 

It is true for a given moment 
but, 

is it true for all times? 
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dt
t

tdtt
∂
Ψ∂+Ψ=+Ψ )()(  

The symmetry of a wave-function does not change in time 
 
 
Some remarks related to electrons 

),,...,1,2(),,...,2,1( ,...,,,...,, 2121
tNtN

NN kkkkkk Ψ−=Ψ  

),,...,2,1(),,...,2,1( ,...,,,...,, 1221
tNtN

NN kkkkkk Ψ−=Ψ  
thus 

),,...,1,2(),,...,2,1( ,...,,,...,, 1111
tNtN

NN kkkkkk Ψ−=Ψ  

),,...,1,2(),,...,2,1( ,...,,,...,, 1111
tNtN

NN kkkkkk Ψ=Ψ  
 
 

PAULI PRINCIPLE 
 

},,,{0),,...,2,1(,...,, 11 iiiiikkk smlnktN
N

=≡Ψ  
There are no two electrons being in the same state defined by the 

same set of quantum numbers 
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THE EXAMPLE OF THE TWO NOT INTERACTING ELECTRONS 
 
In the first lecture following SPIN-like functions were introduced 

)2()1()2()1()2()1()2()1( 2/12/12/12/12/12/12/12/1 −−−− χχχχχχχχ  
plus their symmetrical and anti-symmetrical combinations: 

symmetrical 

)]2()1()2()1([
2
2

)2()1(

)2()1(

2/12/12/12/1

2/12/1

2/12/1

χχχχ

χχ
χχ

−−

−−

+
 

anti-symmetrical 

)]2()1()2()1([
2
2

2/12/12/12/1 χχχχ −− −  

 
The SPACE-like two-body wave-functions (for arbitrary electrons i and 
k, where i and k in fact mean sets of quantum numbers) they can be 
 

)()()()( 2121 rrrr ikki
rrrr ΨΨ+ΨΨ  (SYMMETRICAL) 

)()()()( 2121 rrrr ikki
rrrr ΨΨ−ΨΨ   (ANTI-SYMMETRICAL) 
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HOWEVER, we look for the total wave-function including space and 
spin components. 
 
There are following possibilities (ANTI-SYMMETRICAL): 
 

TRIPLET STATES 

↑↓↑↓+ΨΨ−ΨΨ

↓↓ΨΨ−ΨΨ

↑↑ΨΨ−ΨΨ

−−

−−

)]2()1()2()1()][()()()([2/1

)2()1()]()()()([2/1

)2()1()]()()()([2/1

2/12/12/12/12121

2/12/12121

2/12/12121

χχχχ
χχ

χχ

rrrr

rrrr

rrrr

ikki

ikki

ikki

rrrr

rrrr

rrrr

 
THE SINGLET STATE 

↑↓−ΨΨ+ΨΨ −− )]2()1()2()1()][()()()([2/1 2/12/12/12/12121 χχχχrrrr ikki
rrrr
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THE EXAMPLE OF THE OVER-SUBTLE ENERGY SPLITTING IN 
THE HYDROGEN ATOM 
 
The splitting can results from the dipole-type (long range) interaction 
between the electron-spin and the proton-spin located in the atomic 
nucleus. 
 
The energy operator (the Hamiltonian) 

)ˆˆˆˆˆˆ(ˆˆ 332211
pelpelpelpel AAH σσσσσσσσ ++==  

 
The base vectors to describe this phenomenon (this is the Hilbert 
space) are 

)()()()()()()()( 2/12/12/12/12/12/12/12/1 pelpelpelpel χχχχχχχχ −−−−

 
Let’s introduce new descriptions: 

>=
>=
>=
>=

−

−

−−

4|)()(

3|)()(

2|)()(

1|)()(

2/12/1

2/12/1

2/12/1

2/12/1

pel

pel

pel

pel

χχ
χχ
χχ
χχ

 

 
and calculate the Hamiltonian in this base: 
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4,3,2,1,,|ˆˆ||| =><>==< kikiAkHiH pel
ik σσ  



















−
−

>=<=

A

AA

AA

A

kiAH pel
ik

000

020

020

000

|ˆˆ| σσ
 

 

Above matrix was derived using 








0

1  and 








1

0  matrixes for the base 

vectors. 
 
For example 

ApelA

pelApelpA p
x

el
x

p
x

el
x

==
==

−− )()(

)()()()()(

2/12/1

2/12/12/12/1

χχ
χσχσχχσσ

 

 
 
Thus, the eigen-equation (equation of “motion”) has the following form 
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

















=





































−
−

4

3

2

1

4

3

2

1

000

020

020

000

α
α
α
α

α
α
α
α

E

A

AA

AA

A

 

 
or in the compact form 

∑ =
k

i
i

kik EH αα )(

 

From that results the condition of unique solution 
 

,0

000

020

020

000

det =



















−
−−

−−
−

EA

EAA

AEA

EA

 

 
then, result the following eigen-values 
 

AEEE === )4()3()1(  for a degenerated triplet state, 
AE 3)2( −= for a nondegenerated singlet state, 

 
and the respective eigen-vectors look as follows: 
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))()()()((
2
2

)()(

))()()()((
2
2

)()(

2/12/12/12/1
)2(

2/12/1
)4(

2/12/12/12/1
)3(

2/12/1
)1(

pelpel

pel

pelpel

pel

−−

−−

−−

−=

=

+=

=

χχχχα

χχα

χχχχα

χχα

 

 
Conclusion: Hydrogen in the ground state can be in a triplet state (J=1, 
M=-1, 0, 1) OR in the singlet state (J=0, M=0). 
 
Next, the energy diagram for the all states looks as follows 
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